We study random 2-dimensional complexes in the Linial -Meshulam model and prove that for the probability parameter satisfying p ≪ n −46/47 a random 2-complex Y contains several pairwise disjoint tetrahedra such that the 2-complex Z obtained by removing any face from each of these tetrahedra is aspherical. Moreover, we prove that the obtained complex Z satisfies the Whitehead conjecture, i.e. any subcomplex Z ′ ⊂ Z is aspherical. This implies that Y is homotopy equivalent to a wedge Z ∨ S 2 ∨ · · · ∨ S 2 where Z is a 2-dimensional aspherical simplicial complex. We also show that under the assumptions c/n < p < n −1+ǫ , where c > 3 and 0 < ǫ < 1/47, the complex Z is genuinely 2-dimensional and in particular, it has sizable 2-dimensional homology; it follows that in the indicated range of the probability parameter p the cohomological dimension of the fundamental group π1(Y ) of a random 2-complex equals 2.
Introduction
The problem of modeling of large systems motivates the development of mixed probabilistictopological concepts, including high-dimensional generalisations of the Erdös and Rényi random graphs of [6] . A probabilstic model of this type was recently suggested and studied by LinialMeshulam [10] and Meshulam-Wallach [11] . In this model one generates a random d-dimensional complex Y by considering the full d-dimensional skeleton of the simplex ∆n on vertices {1, . . . , n} and retaining d-dimensional faces independently with probability p. The work of Linial-Meshulam and Meshulam-Wallach provides threshold functions for the vanishing of the (d − 1)-st homology groups of random complexes with coefficients in a finite abelian group. Threshold functions for the vanishing of the d-th homology groups were subsequently studied by Kozlov [9] .
The fundamental group of a random 2-complexes Y was investigated by Babson, Hoffman, and Kahle [2] . They showed that the fundamental group of a random 2-complex is either Gromov hyperbolic or trivial, except when the probability parameter satisfies p ∼ n −1/2 . In the paper [5] it was proven that a random 2-complex Y collapses to a graph if p ≪ n −1 and therefore its fundamental group is free.
The preprint [1] suggests an explicit constant γ such that for any c < γ a random Y ∈ Y (n, c/n) is either collapsible to a graph or it contains a tetrahedron.
For several reasons it is important to have a model producing random aspherical 2-dimensional complexes Y . A connected simplicial complex Y is said to be aspherical if πi(Y ) = 0 for all i ≥ 2; this is equivalent to the requirement that the universal cover of Y is contractible. It is well-known that for 2-dimensional complexes Y the asphericity is equivalent to the vanishing of the second homotopy group π2(Y ) = 0, or equivalently, any continuous map S 2 → Y is homotopic to a constant map.
Random aspherical 2-complexes could be helpful for testing probabilistically the open problems of two-dimensional topology, such as the Whitehead conjecture. This conjecture stated by J.H.C. Whitehead in 1941 claims that a subcomplex of an aspherical 2-complex is also aspherical. Surveys of results related to the Whitehead conjecture can be found in [3] , [13] .
Unfortunately, in the Linial-Meshulam model a random 2-complex is aspherical only if p ≪ n −1 , when it is homotopy equivalent to a graph; however for p ≫ n −1 a random 2-complex is never aspherical since it contains a tetrahedron as a subcomplex. For this reason in this paper we modify the notion of asphericity and speak about asphericable complexes, which can be made aspherical by deleting faces without affecting their fundamental groups (see the precise definition below). Our main result Theorem 2 states that random 2-complexes in the Linial -Meshulam model are asphericable in the range p ≪ n −46/47 . This implies, in particular, that for c > 3 and 0 < ǫ < 1/47 the cohomological dimension of the fundamental group of a random 2-complex equals 2 assuming that c/n < p < n −1+ǫ . We refer the reader to [4] for the definition of the notion of cohomological dimension.
The method of the proof of Theorem 2 is combinatorial and is based on the observation that a large proportion of vertices of any triangulation of a surface have small degree (Lemma 12); moreover, one may find a finite set of local structures which are present in any simplicial sphere (Theorem 13). This allows finding a finite list of 2-complexes which are present in any regular quotient of a simplicial 2-sphere, see Theorem 11. Thus the complexes which have no fragments from this finite list are asphericable; the proof of the main result employs the technique of containment problem for random 2-complexes.
The main results
In the paper, we use standard terminology regarding simplicial complexes, see [7] ; 1-simplexes are also called edges; 2-simplexes are also referred to as faces. A triangulation of a surface is a simplicial complex homeomorphic to the surface. Definition 1. A finite simplicial 2-dimensional complex Y will be called asphericable if Y contains a set of pairwise face disjoint tetrahedra T1, . . . , T k ⊂ Y such that any subcomplex Z ⊂ Y with the property that Ti ⊂ Z for all i = 1, . . . , k is aspherical.
By a tetrahedron we mean a complex isomorphic to the boundary of the 3-simplex, i.e. a simplicial complex with four vertices and four faces. Two subcomplexes of a complex are called face disjoint if they have no common faces.
Any subcomplex of an asphericable complex is also asphericable. Note that asphericable complexes without tetrahedra are exactly the complexes satisfying the Whitehead conjecture, i.e. they are 2-complexes which are aspherical and such that all their subcomplexes are aspherical.
If Y is asphericable then the subcomplex Z ⊂ Y obtained from Y by removing a face from each of the tetrahedra T1, . . . , T k is aspherical.
1 It is clear that in this case Y has the homotopy type of the wedge
of Z and k spheres S 2 . This implies that for an asphericable 2-complex Y the fundamental group π1(Y ) has cohomological dimension less or equal than 2. Indeed, π1(Y ) = π1(Z) and Z is aspherical and 2-dimensional and therefore the chain complex of the universal cover of Z is a free resolution of the infinite cyclic group Z over the group ring Z[π1(Y )] having length 2; therefore the cohomological dimension of π1(Y ) is ≤ 2. From the wedge decomposition (1) one also sees that the universal cover of Y is equivariantly homotopy equivalent to a wedge of 2-spheres and the fundamental group acts on these spheres by permutations; hence we obtain that the second homotopy group π2(Y ) is free as module over the group ring of π1(Y ).
Consider the Linial-Meshulam model Y (n, p) of random 2-complexes [10] . Recall that Y (n, p) is the probability space of all 2-complexes Y on the vertex set {1, . . . , n} containing the full 1-skeleton, i.e. ∆
(1)
(where ∆n is the simplex with vertices {1, . . . , n}) and the probability function P : Y (n, p) → R is given by the formula
From [5] we know that for p ≪ n −1 a random 2-complex Y ∈ Y (n, p) collapses simplicially to a graph, a.a.s. This implies that for p ≪ n −1 a random 2-complex is aspherical and moreover the fundamental group π1(Y ) is free, a.a.s.
The main result of this paper states:
Theorem 2. Assume that A random 2-complex Y is not asphericable for p ≫ n −5/6 , a.a.s. Indeed, in this range a random 2-complex contains, as a simplicial subcomplex, a triangulation K of the sphere S 2 with 5 vertices and 6 faces (as follows from Theorem 5). This subcomplex K ⊂ Y does not contain a tetrahedron and is not aspherical, and hence Y is not asphericable. 
a.a.s. (B) In range (3) the cohomological dimension of the fundamental group
See §6 for the proof. There exists a triangulation K of the real projective plane RP 2 having 6 vertices and 10 faces and for p ≫ n −3/5 the complex K embeds into a random 2-complex Y , a.a.s. We expect that the induced homomorphism π1(K) → π1(Y ) is injective a.a.s., which would imply that π1(Y ) has elements of order two and hence its cohomological dimension is infinite.
A combinatorial reduction of Theorem 2
In this section we explain how the main Theorem 2 follows from a deterministic combinatorial result which is stated in this section as Theorem 11 and plays a key role in the proof of Theorem 2. We first recall some notations and results from [5] ; they are similar to the classical results on the containment problem for random graphs [8] .
Definition 4. For a simplicial 2-complex S let µ(S) denote µ(S) = v/f ∈ Q, where v = vS and f = fS are the numbers of vertices and faces in S. Define alsõ
where the minimum is formed over all subcomplexes S ′ ⊂ S or, equivalently, over all pure
The following Theorem explains importance of the invariantμ(S) for the containment problem of stochastic topology.
then the probability that S admits a simplicial embedding into a random 2-complex Y ⊂ Y (n, p) tends to one as n → ∞.
Example 6. Consider a simplicial graph Γ and the cone over it S = C(Γ). One has vS = vΓ + 1 and fS = eΓ. Therefore µ(S) =
Example 7. As another example consider a simplicial 2-complex S homeomorphic to the 2-disc. It is easy to see that f = v + vi − 2 and hence
where vi denotes the number of internal vertices of S. This formula is important for the method of the paper; in particular, it shows that for disc triangulations one has µ(S) < 1 assuming that vi ≥ 3. In the proof of Theorem 2 we will show the existence of a sub-disc in any triangulated sphere having at most 46 vertices, among them 3 are internal; for such a subdisc one has µ ≤ 46/47 according to formula (6). Example 8. Figure 1 shows complexes Σi which are unions of two tetrahedra having i vertices in common, where i = 1, 2, 3. One has µ(Σ1) = 7/8, µ(Σ2) = 3/4 and µ(Σ3) = 5/7. Since µ(Σi) ≤ 46/47, using Theorem 5 one sees that for p ≪ n −46/47 a random 2-complex contains no subcomplexes isomorphic to Σi. Thus, according to Theorem 2 and Theorem 5, the picture of a random 2-complex with p ≪ n −46/47 is as follows: it contains a family of pairwise disjoint (and not only face disjoint) tetrahedra such that removing a face from each of these tetrahedra gives an aspherical 2-complex satisfying the Whitehead conjecture.
Next we mention the following useful formula which will be used later in this paper
where S is a finite simplicial 2-complex, f = fS is the number of faces in S and
here e runs over all edges of S and deg(e) denotes the number of faces incident to e. Formula (7) follows directly from definitions using the equation e deg(e) = 3f .
Definition 9. Let M be a simplicially triangulated closed surface. Let f : M → M ′ be a simplicial surjective map. We will say that M ′ is a regular simplicial quotient of M if (1) for any simplex σ ∈ M the image f (σ) has the same dimension, i.e. dim f (σ) = dim σ, and (2) if for two distinct 2-dimensional simplexes σ1 and σ2 of M one has f (σ1) = f (σ2) then dim(σ1 ∩ σ2) < 1.
We will use the following Lemma which was explicitly stated by Mark A. Ronan: The method of the proof of Theorem 2 is to study in detail the local structure of the regular quotients of spheres; in particular we establish the following (deterministic) result:
Theorem 11. There exists a finite list L of compact 2-dimensional simplicial complexes with the following two properties: (1) a finite simplicial 2-complex Y is asphericable if it contains no subcomplexes isomorphic to a complex from the list L.
(2) for any S ∈ L one hasμ
The proof is given in section §5 below. The list L will be defined as the union
with L1 consisting of the single 2-complex L1 = {Σ}, where Σ is the union of two tetrahedra having 3 vertices in common. One has µ(Σ) = 5/7, i.e. Σ satisfies (9).
Proof of Theorem 2. Theorem 2 directly follows from Theorem 11 and Theorem 5.
A proof of Theorem 11 will be given later in section 5. The following section contains an auxiliary combinatorial material used in the proof of Theorem 11.
Local structure of simplicial spheres
Let M be a closed (i.e. compact without boundary) simplicially triangulated surface. Denote by v, e, f the numbers of vertices, edges and faces of M . One has, using the Euler-Poincaré formula,
where x runs over the vertices of M . Here deg(x) denotes the degree of a vertex x in the 1-skeleton, i.e. the number of edges incident to x. Thus
which gives a formula for the average degree of a vertex. We see that if the topological type of the surface is fixed and the number of vertices v → ∞ in the triangulation tends to infinity, then the average degree of a vertex tends to 6. This statement is strengthened in the following Lemma giving lower bounds on the number of vertices of lower degree.
Lemma 12. Let M be a closed simplicially triangulated surface. Let k ≥ 6 be an integer and let l k denote the number of vertices of M having degree ≤ k. Then
In particular, if M is a simplicial sphere, real projective space, torus or Klein bottle then χ(M ) ≥ 0 and one has
Proof. Denote by V the set of vertices of M . Let L k ⊂ V denote the set of vertices x with deg(x) ≤ k. One has
Combining this inequality with (11) gives 6v − 6χ(M ) ≥ 3l k + (k + 1)(v − l k ) which is equivalent to (12) .
As an example, we mention that for k = 8 and χ(M ) ≥ 0 one obtains an inequality l8 ≥ Proof. We shall assume that M has at least 6 vertexes, since otherwise our statement is obvious.
Let L17 denote the set of vertexes of M of degree ≤ 17. The cardinality l17 = |L17| of this set satisfies l17 ≥ 4/5 · v, see above. Let L denote the graph with vertex set L17 induced from the 1-skeleton of M . In general, L has many connected components; for any i = 1, 2, . . . , we will denote by Li the union of connected components of L having exactly i vertexes. We will also denote
the union of 2-simplexes having at least one vertex in Li. Note that L1 is the union of isolated vertexes and S1 in the union of stars of these vertexes; moreover, for x, y ∈ V (L1) the stars St(x) and St(y) have no common faces. Since each of these stars has at least 3 faces, we obtain
The graph L2 is the union of isolated edges and S2 is the union of stars of these edges. If e, e ′ ⊂ L2 are two distinct edges then the stars St(e) and St(e ′ ) are face disjoint, i.e.have no common faces. Clearly, each star St(e) contains ≥ 5 faces. Therefore, we obtain that
Our first goal is to show that Li = ∅ for some i ≥ 3. If this is false that L = L1 ∪ L2 and l17 = v(L1) + v(L2). Then using (14) and (15) we obtain
This contradicts the Euler-Poincaré theorem for S 2 which states that f = 2v − 4. Thus, the graph Li is nonempty for some i ≥ 3 and therefore we may find three distinct vertexes x, y, z of M having degree ≤ 17 such that y is connected to x and z by an edge.
For such a triple x, y, z, the link of y in M is homeomorphic to the circle, and we will denote by d(x, z) the distance between x and z in this link. The statement of Theorem 13 is equivalent to the claim that we may find x, y, z such that additionally to the properties mentioned above one has d(x, z) ≤ 2.
Suppose the contrary: (A) for any triple of distinct vertexes x, y, z of degree ≤ 17 such that y is connected to both x and z by an edge, the distance d(x, z) (see above) is ≥ 3. Then deg(y) ≥ 6. Denote (14)) and R2 ≥ 5/2 (by (15)). Let us show that for i ≥ 3 one has
Each face of Si, where i ≥ 3, has one or two vertexes in Li; the possibility that all three vertexes lie in Li is excluded by our assumption (A). Let f1(Si) and f2(Si) denote the number of faces in Si having one or two vertexes in Li, correspondingly. Clearly f2(Si) = 2e(Li), since each edge of Li is incident to exactly two faces. Let ki denote the number of connected components of Li. Then
Each vertex of valence 1 of Li contributes at least one to f1(Si); each vertex of valence ≥ 2 of Li contributes at least two into f1(Li) (due to our assumption (A)). This shows that f1(Si) ≥ v(Li) + ki. Combining these estimates together we get
which contradicts the equality f = 2v − 4. This shows that our assumption (A) is false and completes the proof of Theorem 13.
Next we state a similar result for triangulations of the torus: Proof. The proof repeats the arguments of Theorem 13; we will indicate only the places where changes are needed. Firstly, using Lemma 12 one obtains the inequality l18 ≥ 13/16 · v. Then the string of inequalities (16) becomes
This contradicts the Euler-Poincaré theorem for the torus stating f = 2v. Secondly, instead of (19) we will have
again contradicting the equation f = 2v.
Theorem 14 will not be used in this paper. Similarly to Theorem 13 it could be applied to study maps of tori into random 2-complexes or equivalently to finding pairs of commuting elements in their fundamental groups.
Proof of Theorem 11
Proof. We define L = L1 ∪ L2 as the union (10) with L1 = {Σ}, see above. Our task now is to describe L2.
Consider the set L ′ of isomorphism types of all possible simplicial 2-complexes S with the following properties:
1. S has at most 47 two-dimensional simplexes; 2. S can be topologically embedded into the sphere S 2 ;
3. S contains three internal vertices x, y, z, each of degree ≤ 17, such that the links of x, y, z are circles and
4. The vertexes x, y, z satisfy the conditions of Theorem 13, i.e. either the vertices x, y, z span a 2-simplex, or for some vertex w ∈ S the triples x, y, w and x, z, w span 2-simplexes of S.
Property 1 in the description of L ′ obviously follows from Properties 3 and 4; it is stated here to emphasise the finiteness of L ′ . Next we define the set L ′′ as the set of all regular quotients of complexes from L ′ . Finally, we define L2 as the subset of those complexes of L ′′ which contain no tetrahedron as a subcomplex.
Let us show that the list L satisfies condition (1) of Theorem 11. Assume that Y is a finite 2-complex containing no subcomplexes isomorphic to S ∈ L. Consider all tetrahedra T1, . . . , T k contained in Y . They must be pairwise face disjoint since we know that Y contains no subcomplexes isomorphic to Σ ∈ L1.
Let Y ′ ⊂ Y be a subcomplex such that Tj ⊂ Y ′ for j = 1, . . . , k. We want to show that Y ′ is aspherical. Assume the contrary, i.e. suppose that π2(Y ′ ) = 0. By Lemma 10 there exists a regular simplicial quotient S ′ of a triangulation of S 2 which is embedded into Y ′ . By Theorem 13, due to our construction of L ′ , and because of our assumption that Y has no subcomplexes isomorphic to S ∈ L2, the image S ′ must contain a tetrahedron, a contradiction. To finish the proof of Theorem 11 we are now left to show that condition (2) is satistied for S ∈ L2, i.e. one has µ(S) ≤ 46/47.
Assume that S contains a closed 2-complex S ′ as a subcomplex 5 . Because of our construction we may assume that S ′ is not a tetrahedron. Then, using Lemma 34 from [5] we obtainμ(S) ≤ µ(S) ≤ 5/6 which implies thatμ(S) ≤ 46/47.
Performing repeatedly all possible collapses through free edges of S we may arrive either (a) to a closed 2-complex S ′ or (b) to a graph. In the case (a) S contains a closed subcomplex and we already know that thenμ(S) ≤ 46/47. Assuming (b) we have χ(S) ≤ 1 and, using formula (7), we have
where L(S) = e (2 − deg S (e)). We will show (see below) that for S ∈ L2 one has L(S) ≤ f (S) − 3. (using f (S) ≤ 47). Finally we prove the inequality (21). Denote by ∂S the set of all free edges of S. From the definition of L(S) it is clear that L(S) ≤ |∂S|. We claim that for S ∈ L2 one has |∂S| ≤ f (S) − 3,
which would imply (21). From the construction of L2 it is clear that each 2-simplex of S ∈ L2 incident to the boundary ∂S contains exactly one free edge. Hence (22) follows once we know that each S ∈ L2 has at least three 2-simplexes which have no free edges. Given a complex S ′ ∈ L ′ and a regular simplicial quotient f : S ′ → S where S ∈ L2, consider Figure 5 where on the left we have three vertices x, y, z ∈ S ′ satisfying condition (a) of Theorem 13 and on the right we have points x, y, z, w ∈ S ′ as in condition (b) of Theorem 13. It is easy to see that in both cases the images under f of the simplexes σ1, σ2, σ3 are internal (i.e. have no free edges 6 ) and are all pairwise distinct. Indeed, f (σ1) = f (σ2) and f (σ1) = f (σ3)
for n → ∞. This proves the left inequality in (4). From inequality (2.5) on page 26 of [8] with t = n 7/4 one obtains that with probability at least 1 − exp(− √ n) one has f2 ≤ p n 3 + t and hence b2(π1(Y )) = b2(Z) ≤ b2(Y ) ≤ f2 ≤ p n 3 + t ≤ n 2+ǫ .
This proves the right inequality in (4) . From Theorem 2 we know that for Y ∈ Y (n, p) one has cd(π1(Y)) ≤ 2 and from statement (A) we obtain that cd(π1(Y)) ≥ 2 a.a.s., since the group π1(Y ) has nontrivial 2-dimensional homology. This implies statement (B).
